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For t = 2,3 and  k > 2 t -  1 we prove the  exis tence of t - ( n , k ~ A )  designs  wi th  independence  

n u m b e r  C)~,kn(k-t)/(k-1)(ln n) 1/(k-1). This  is, up  to the  cons t an t  factor,  t he  best  possible. 

Some o ther  related resul ts  are considered.  

1. Introduct ion 

A t - ( n , k , ; \ )  design is a pair J =  (V,~)) where V is an n-set and ~) is a multiset 
of k-subsets of V (called blocks or lines or edges) such that  each t-subset of V is 
contained in exactly )~ blocks of ~). In a partial design, each t-subset is contained in 
at most ), blocks. Designs and partial  designs can be considered as a special class 
of uniform hypergraphs or as a generalization of finite geometries. In either case 
the concept of an independent set has been of considerable interest. 

A set S G V is independent  in ] = (V,2)) if no block of ~) is contained in S. The 
independence number  a ( ] )  is the maximum cardinality of any independent set in ~. 
We are interested in establishing asymptot ic  bounds on the minimum independence 
number of all designs of order n with given parameters  ~, k, and t. In order to 
establish an upper  bound on this minimum independence number, it is necessary 
that  such a design exist. For this and other reasons, we focus on the cases t = 2 and 
t - -3 ,  althoug h we will prove some of the lemmas for arbi trary t. 

Our main theorem is 

Theorem 1.1. Le t  t = 2 or t = 3 and let k >_ 2t - 1. There exists a constant  c such 
that  i f  q is a sutllciently large pr ime power  and i f  there exists a t -  ( q+  t -  2, k, A) 
design then there exists a t - (n, k, A) design ] wi th n = q2 + t - 2 such that  

c~(]) ~_ cn (k - t ) / ( k -1 )  (ln n) 1 / (k -  1). 
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1 

Moreover, cisno greater than 2 ( ~ )  ~cY 

For t = 2, 2 -  (q, k, A) designs always exist if q is sufficiently large and satisfies 
the obvious necessary conditions. Hence we have 

Corollary 1.2. There exist a constant c and infinitely many  2 -  (n, h, A) designs ] 
such that  

Oz(]) S Cn(l~-2)/(k- 1)(in %) 1/(k-l). 

1 
Moreover, c is no greater 

k a y  

Similarly, for t = 3 and k ~ 5 infinite classes of designs exist (inversive planes 
are the obvious example) (el. [1]). 

On the other hand, it is straightforward to extend the lower bound on the 
independence number of every A = 1 partial design (and hence of every A = 1 
design) given in [9] to arbitrary A. We will therefore omit the proof of the following 
theorem: 

Theorem 1.3. Let  t, h, and A be positive integer constants wi th  2 <_ t ( s There 
exists a constant c I such that for n su1~ciently large, every partial t-(n, k, A) design 
y has 

~(] )  >_ c ,n (k - t ) / (k -1) ( in  n)1/(k-l) .  

Similar upper and lower bounds are established in [2] and [8] for partial 2 -  
(n, 3,1) designs (partial Steiner triple systems). Tight bounds for the independence 
number of partial t -  (n, h, 1) with 2 < t < h were found in [9]. 

While our proof of Theorem 1.8 follows an approach similar to [2] and [9], 
the argument for finding good upper bounds, (i.e. existence of designs with small 
independence number) is quite different. The only upper bound previously known 
was for Steiner triple systems [2] and it was different by a multiplieative factor 
of O(lv/~n-n) from the best lower bound. As a consequence of Theorem 1.1, we 
have now, up to the multiplieative constant factor, the best upper bound for the 
independence number of Steiner triple systems. 

Our construction is probabilistic, and in fact, similar to [2]. In this paper, 
however, we have found an improved way to estimate the size of the independence 
number. Unfortunately, our techniques do not apply to Steiner quadruple systems 
(3 - (n, 4, A) designs). 

As another consequence, we establish upper and lower bounds on the minimum 
i-indepedence number ~i ( ] )  of designs and partial designs ] = (V, 2)). Briefly, a set 
S C_ V is i - independent if ]L N S I < i for all L E 2). Note that a (k -1 ) - independen t  
set is simply an independent set. 

The concept of/-independence has been studied in finite geometries, primarily 
for i =  2 where a 2-independent set is referred to as an arc or a cap (cf. [7]). It 
has been considered for hypergraphs as well (cf. [6]) but to a lesser extent and is 
a natural concept for designs. We establish the following bounds on the minimum 
/-independence number of designs and partial designs. 
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Corollary 1.4. LeE t = 2  or t----3, let i > _ 2 t - 2 ,  and h > i. There exists  a constant  c 
such that  i f  q is a sufficientIy large pr ime  power  and there exists  a t -  ( q + t - 2 ,  k, )~) 
design then there exists  a t -  (n, k, A) design ] wi th  n - - q  2 + t -  2 such that  

~i(~) _~ cn (~-t+l)/i(ln n) 1/i. 

Corollary 1.5. Let  i, t, s and A be posi t ive  integer constants such that  2 < t < 

i < k. There  exists  a constant  e t such that  for n sufficiently large~ every  partial  
t - (n, k, )~) design ] has 

e~i(]) ~_ c ' n ( i - t + l ) / i ( l n n ) l / i .  

We delay the proof of Corollary 1.4 until after the proof of Theorem 1.1 
since there is some dependence, but prove Corollary 1.5 immedia te ly .  Given a 
partial t - ( n ,  k, A) design ~, replace each block of ] with a complete ( i+l ) -uniform 

hypergraph on k points to form a partial t - ( n , i + l , A ( i ~ l t t ) )  design ] ' .  Theorem 1.3 
implies that  

(~ (]1) ~ Cln(i-t+l)/i ( l n  n) 1/i 

where c I is a constant depending only on i, t, k, and A. One only need notice that  
a i ( ] )  = a ( ] ' )  to see that  the corollary is true. 

As a final remark, by modifying the approach of [9], we can show that  for 2 
t < i < k there exists a constant c such that,  for n sufficiently large, there exists a 
partial t - (n, k, 1) design ] with 

~i(2) <_ cn ( i- t+l)/ i( ln n) 1/i. 

2. P roof  of Theorem 1.3 

In this section we wish to construct t -  (n, k, A) designs with minimum inde- 
pendence number where A, k, and t, are constant parameters and n is sufficiently 
large. We show how to do this at least for those parameters where the designs exist 
sufficiently often (t = 2 or t = 3; k = p  + 1, p a prime power). However, we will prove 
our main lemmas for arbitrary t. 

First, recall that  there are an infinite number of values of q -  1 (mud k (k -1 ) )  
where q is a prime power. For these values of q, there exist affine planes (2- (q  2, q, 1) 
designs) and, if q is sufficiently large, 2- (q ,  k, A) designs. The standard technique of 
replacing each line in the affine plane independently with an arbitrary copy of the 
2 -  (q, k, A) design produces a 2 -  (q2, k, ~) design. These systems behave randomly 
enough to establish a reasonable upper bound on the minimum independence 
number. 

In a similar manner, there exist inversive planes (3-(q2+1, q+l ,  1) designs) and 
assuming that  there exists a 3 -  (q + 1, k, A) design we can use the same technique 
to produce random 3 - (q2 + 1, k, A) designs. 
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First, we need a lemma which establishes an upper bound on the number of 
independent sets of size z in an arbitrary t-(q, k, ~) design ] .  Let c~(], z) denote this 
number. Throughout,  we will work asymptotically and will require some standard 
notation. For functions f and g of q, we write f=o(y) or f<~g when lim f/g=O. 

q--~oe 

Lemma 2.1. For an arbitrary t -  (q, k, ~) system ] and 1 ~ z ~ q k , we have 

a(], z) = 1 - k(k - 1) . .~(k - t + 1) q ~--t(1 + o(1)) . 

Proof. The proof uses inclusion-exclusion to find upper and lower bounds on a ( ] ,  z) 
q k which are asymptotically equivalent. Let b=  A( t ) / ( t )  be the number of blocks in 

]. 
First a lower bound. The number of z-sets containing at least one block is at 

most b(q-~). Therefore, 

a(],z)>_ ( q z ) - b ( q z - k k ) :  (qz} ( 1 -  b~--~(1 zk t o ( I ) ) )  

k(t) q~-i (1 

To find an upper bound, let Pi be the number of pairs of blocks of ] which 
intersect in exactly i points, 0 < i < k. Then the number of z-sets containing at 
least two blocks is at most 

() Epi  - 2k2  ++ i)i; = qz (1 + o(1))E iq2 _i. (1) 
i=0 i=O 

We will prove that  each term of the right-hand sum (and hence the entire sum) is 
asymptotically negligible compared to zk/q k-t. 

For 0 < i < t, it isn't too hard to see that 

p~ < b(ki) ( ~ -  I)(A -1) / (k t  - : )2  - - ciq2t-i(1 +o(1) )  

for some constant ci. This is the number of ways to pick the first edge multiplied 
by the number of ways to pick the i points to be shared, the number of ways to 
pick a t-set containing those i points, and the number of ways to pick another block 
containing that  t-set. It is then divided by the number of ways to pick the t-set 
such that  we obtain the same block and by 2 to compensate for the fact that  we 

counted each pair twice. Therefore, the ith term of (1) is asymptotically negligible 
compared to zk/q k-t as long as 

z2k-iq i-2k§ ~ zkq t-k. 



T H E  M I N I M U M  I N D E P E N D E N C E  N U M B E R  F O R  D E S I G N S  [79  

k - t  k - t  
This is t rue as long as z<<qk-~ and, in particular,  as long as z<<q--Z-. 

In  the case where t+l<_i<_k,  we see tha t  

b ( k )  A/2 = ciqt(1 + o(1)) p i _  < 

for some  constant  c i. Thus,  the i th  te rm of (1) is asymptot ical ly  negligible compared  
to z k / q  k - t  as long as 

z2k--i q i -2k+t << zk q t - k .  

k - - t  
This is t rue as long as z << q and therefore as long as z << q 

The  promised upper  bound  on a ( ] , z )  is then 

k 

k(t ) q-k---i (1 

as long as 1 << z << q--g-. This proves the lemma, l 

The  next  two lemmas are generalizations of results in [4] (related s ta tements  
were considered in [3] and [5]). 

Lemma 2.2. For a complex  number  # and a v x b 0-1 matr ix  A with constant  
row sum r such that  any  two rows have exact ly  s ones in common,  the rows o f  the 
complex  matr ix  

B = ( p +  1 ) A -  J 

will be orthogonal i f  and only i f  

r -  s • v / ~ -  sb 
# =  

S 

Proof .  For any two rows bi and bj, ( b i , b j } = # 2 s - 2 # ( r - s ) + ( b - 2 r + s )  and this is 
zero if and only if/~ is a root  of the quadrat ic  equation. | 

Note  tha t  p is real as long as r 2 > sb which is t rue in all of the cases we will 
be concerned with. 

L e m m a  2.3. For a v x b 0-i matr ix  A with ccns~,a.n~ row sum r such that  any two 
rows have exact ly  s ones in common (T 2 _> sb) and for any  o~v x fib submatr ix  o f  A 
with rows indexed  by R and columns indexed  by C, i f  we let 

1 
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then 
1 (av - -X)  < 1 1 

,+--7 - ~l Z cL < 1(~+x) 
LCC -- tt + 

where CL is the number of ones in column L of the submatrix and # is as in the 
previous lemma. In particular, if32 : o(av) then 

1 av 
c L -  (1 + o(1)). Icl LcC ~ + i 

Proof. Let B =  ( # + I ) A - J  and # be as in the previous lemma so that the rows of 
B are orthogonal. Consider the submatrix of B whose rows are indexed by R and 
whose columns are indexed by C. Let sl ,s2;i . .  , savbe  the rows of the submatrix 
of B and let bl, b2,..., ba~ be the corresponding rows of B. 

Let " 
C~V 

; (~1,~  . . . .  , ~ 5  = E s ~ .  
i=1 

First, the Cauchy-Swartz inequality gives that 

And then this is 

'-< 
j=l 

~b ~ si 2 a~=l 2 

j= l  i=1 i,j 

But the rows of B are orthogonal so this is 

O~?J 

E (bi, bj} = EIIbi l l  2 
i,j i :1  

= av(#2r + b -  r). 

For a column L E C, let c L be the number of ones in column L of the submatrix 
and for a row P E R, let rp  be the number of ones in row P of the submatrix. Note 
that ~-~LCC CL = ~ P 6 R r P  �9 Since, 

we have that  

~b 

E ~J = (# + 1) E c L  -- avtgb, 
j= l  L6C 

1( )2 
9-/ (~ + 1) ~ cL - ~ b  < ~ ( ~ 2 ~  + b - r). 

LCC 
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Letting 

we conclude that  

1 

1 (~v-~f)< 1 1 
# + 1  -- ~ E CL - # +1(c~v + 25)" 

In particular, if X = o(av) then 

1 c~v 
IcI cL - + o(1)). II LeC # + 1 (1 

We note that  a similar statement could be made concerning 

1 

IRI rp.  PER 

We consider two examples which are the basis of our main theorem. 
Example 1 Let A be the point-line incidence matrix of the affine plane of order q 
so that  v - -q  2, b=q2+q, r---q+1,  and s = l .  Then t t = q + x / q + l  and 

1 

X : q~ (1 + o(1)). 

Assuming aflq >> 1 (that is, aflq --+ oo as q --~ oo), this implies that 35 = o(aq2). Thus 
we have, 

1 1 
ICI = qv/~7_~aq2(1 + o(1)) 

LCC q + 1 + 

= aq(1 + o(1)). 

In this context, CL, the number of ones in column L of the submatrix, is [RNL I. 
Example 2 Let A be the point-line incidence matrix of an inversive plane of order 
q so that  v = q 2 + l ,  b=q(q2+l), r=q2+q, and s = q + l .  Then 

1 

i t = q -  1 + (q(_q--1)~ 
\ q + l  ] 

and 

25 = q3/2(1 + o(1)). 

Thus, assuming that  ctpq>> 1, we have X=o(c~q 2) =o(av) .  Again we have 

1 
IC-~ E CL : aq(1 + o(1)) 

LEC 

and again C L : IRAL 1. 
We summarize these examples and Lemma 2.3 in the following corollary. 
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Corollary 2.4. Let (V,~) be an affine or inversive plane of order q, let R C_ V, let 
CC_~, let ~=IRI/IvI, and let ~=lCl/l~l- zf~#q>>l then 

1 
let ~ cc = ~q(1 + o(1)) 

LEC 

where e L = 1RMLI. 

Now we are ready to complete the proof of Theorem 1.1. Recall that  )% k, and 
t are constants with t = 2  or t = 3  and k>_2t -1 .  We are given a t - ( q + t - 2 , k , A )  
design I t  and wish to show that  there exists a t - ( q 2  + t - 2 ,  k, A) design with low 
independence number. 

Let (V, Z2) be an affine plane of order q and let (V,2ff3) be an inversive plane 
of order q. Then I~tI = q t + q  for t=2 ,3 .  Replace each line L E Z t  by a copy of I t .  
In this way we obtain at least 

tAut ] t  

different t - (n, k, A) systems (where n = q2 or q2 + 1). Let the random variable bet 
be a ) , - ( n ,  k,t)  design which takes on each of these systems with equal likelihood. 
We will show that  the probability that  

k - - t  1 

 (bet) > 

(where c is a constant to be determined later) is strictly less than one. This will 
prove the theorem. 

Set 
t - 1  i 

= e~ ~ - ' ( I n ~ ) ~ - ~  

and consider a fixed set RC_ V, with 

k - t  1 

Fix ~ > 0  (say ~ = 1 / 2 )  and let C1 and C2 be the subsets of lines L E ~ t ,  such that  
c L = IRnLI  > ( l + e ) a q  and c L < ( 1 - c ) a q ,  respectively. We will show that  ICzl < 
�88 and that  ]C2I < lI~tl .  Indeed, if ICll > l lZ t  [ then we can apply Corollary 2.4 
to arrive at a contradiction. As fl_> 1/4, we have 

C t--1 1 
a/3q >_ -~n ~ = l ( l n n ) ~ f x / ~  >> 1 

as long as k >_ 2 t -  1. (This last condition on k means that  our proof misses the 
important  class of designs with t = 3  and k=4 . )  Corollary 2.4 therefore gives that  

1 
Icl--T eL =  q(l+ o(1)). 

LEC1 

When q is sufficiently large, this contradicts the fact that  CL > (1 + e)aq for each 
L E C1. Hence ICll < �88 I~ftl. In a similar way one can show that IC2[ < �88163 
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Set C=~t\(C1UC2). Then for LEC, 

(1 - e)c~q < c L < (1 + c)o~q. 

183 

_<(1_ 
< < 1 -  

A c~ (1+ o(1))] 
k(k - 1).. .  ( k -  t + 1) qk-t 

/ 

A 2kakqt(1 + o(1))).  
k(t ) �9 

Since the events "RML is independent in hot" for L E~t are mutually indepen- 
dent, we infer that 

Pr[R is independent in hot] = H Pr[R n L is independent in hot] 
LE~,t 

- H Pr[R A L is independent in hot] 
LEC 

<(1 
< exp ( 

= exp (- 

But there are 

~ < ~ = e x p ( ~ l n n )  = e x p ( c ~ r : ~ ( l n ~ ) ~ = r )  

choices of the set RE V, IRI =c~n and thus, 

Pr[o~(hot) _> c~n] < E Pr[R is independent in hot] 
R 

1 t 

A akqt(1 +o(1))) 7q 
k(t)2 k 

1 A ~ _ k(t-n k ) 
2k tT2kc~n ~-1 (lnn)-~Tnt(l +o(1)) 

() 

2 k(t~2k c ~ - 1  ( l n ~ ) ~ ( 1  + o(1)) . 

3 t - - i  1 3 }- -2 t+ l  1 
(I + ~)~q < -c~ ~-~ ( Inn)~:T~ < -c~ ~-~ (In~)~:~ 

- 2  - 2  
k~1 k-2~+i ~_~ 

<_ c(lnn) q ~-1 <<q--Z- 

we can apply Lemma 2.1 and the fact that c L = IRNLI > (1--e)c~q=o~q/2 to obtain 

Pr[R A L is independent in b~ = Pr[R M L is independent in the copy of It  on L] 
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< exp c'~n -;:Y (ln n) ~-1 (1 + o(1)) 
c~n 2 k(t)2 k 

(( / < exp c 2 k(t)2 n ] 

This  is less t h a n  one for n sufficiently large provided t ha t  

1 

c>2 t 

For example ,  when t = 2  and k_>3, c = 1 0  will suffice for all k and A. This  completes  
the p roof  of T h e o r e m  1.1 and Corol lary 1.2. 

I t  only remains  to prove Corol lary 1.4. We wish to prove tha t  for t = 2  or t = 3  
and k > i _> 2 t - 2 ,  there  exists a constant  c such tha t  if q is a sufficiently large pr ime 
power  and there  exists a t - (q + t -  2, k, A) design then  there exists a t -  (n, k, ~) 
design ] wi th  n = q 2 +  t - 2  such tha t  

ai(g) <_ cn(i-t+l)/i(lnn)l/i. 

Given a t - ( q  + t - 2 ,  k, A) design X ,  replace each block of X with  a complete  

( i + l ) - u n i f o r m  hyperg raph  on/~ points  to form a t - ( q + t - 2 ,  i +  1, A ( i -k t : l ) )  design 

X ' .  App ly  T h e o r e m  1.1 to X '  to obta in  a t - ( n , i +  1,X(i_kt~l)) design J/' wi th  n--- 

q2 _}_ t - 2 such t h a t  

(Y) < c~( i-t+l)/i(ln n) 1/~. 
Since, in the  proof  of T h e o r e m  1.1, we const ructed I /  f rom copies of JC/, we can 
replace each copy of Yd' in ] '  with a copy of X to form a t - ( n ,  k, A) design ] .  Las t ly  
note  t h a t  a i ( ] ) = a ( ] ' ) ,  which is bounded  above as desired. 
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