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For t=2,3 and k > 2t —1 we prove the existence of t — (n,k, ) designs with independence
number C’)\’kn(k_t)/(k_l)(ln n)l/(k”l). This is, up to the constant factor, the best possible.

Some other related results are considered.

1. Introduction

A t—(n,k,)) design is a pair #=(V,2) where V is an n-set and D is a multiset
of k-subsets of V' (called blocks or lines or edges) such that each t-subset of V. is
contained in exactly A blocks of @. In a partial design, each t-subset is contained in
at most A blocks. Designs and partial designs can be considered as a special class
of uniform hypergraphs or as a generalization of finite geometries. In either case
the concept of an independent set has been of considerable interest.

A set SCV is independent in #=(V,D) if no block of P is contained in S. The
independence number o) is the maximum cardinality of any independent set in .
We are interested in establishing asymptotic bounds on the minimum independence
number of all designs of order n with given parameters A, k, and ¢. In order to
establish an upper bound on this minimum independence number, it is necessary
that such a design exist. For this and other reasons, we focus on the cases t=2 and
t=23, although we will prove some of the lemmas for arbitrary ¢.

Our main theorem is

Theorem 1.1. Let t=2 or t=3 and let k> 2t —1. There exists a constant ¢ such
that if q is a sufficiently large prime power and if there exists a t —(g+t—2,k,\)
design then there exists a t— (n,k,\) design § with n=g?+t—2 such that

a(#) < en*=D/(=1) (1 )1/ (k1)
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1
. 4-k -1
Moreover, c is no greater than 2 (—%) k-1

For t=2, 2—(q,k,\) designs always exist if ¢ is sufficiently large and satisfies
the obvious necessary conditions. Hence we have

Corollary 1.2. There exist a constant ¢ and infinitely many 2— (n,k,\) designs
such that

a($) < enE=D/(E=1)(qp )1/ (k=1),
L
Moreover, ¢ is no greater than 2 (flﬂ’f\;l)) 1 10,

Similarly, for ¢=3 and k > 5 infinite classes of designs exist (inversive planes
are the obvious example) (cf. [1]).

On the other hand, it is straightforward to extend the lower bound on the
independence number of every A = 1 partial design (and hence of every A =1
design) given in [9] to arbitrary A. We will therefore omit the proof of the following
theorem:

Theorem 1.3. Let t, k, and )\ be positive integer constants with 2<t<k. There

exists a constant ¢’ such that for n sufficiently large, every partial t—(n,k, ) design
F has

CM(?) > cln(k——t)/(k—l) (ln TL) 1/(k-1) )

Similar upper and lower bounds are established in [2] and [8] for partial 2 —
(n,3,1) designs (partial Steiner triple systems). Tight bounds for the independence
number of partial t— (n,k,1) with 2<t<k were found in [9].

While our proof of Theorem 1.3 follows an approach similar to [2] and [9],
the argument for finding good upper bounds, (i.e. existence of designs with small
independence number) is quite different. The ounly upper bound previously known
was for Steiner triple systems [2] and it was different by a multiplicative factor

of O(VInn) from the best lower bound. As a consequence of Theorem 1.1, we
have now, up to the multiplicative constant factor, the best upper bound for the
independence number of Steiner triple systems.

Our construction is probabilistic, and in fact, similar to [2]. In this paper,
however, we have found an improved way to estimate the size of the independence
number. Unfortunately, our techniques do not apply to Steiner quadruple systems
(3—(n,4,)) designs).

As another consequence, we establish upper and lower bounds on the minimum
i-indepedence number «;(¥) of designs and partial designs #=(V,J). Briefly, a set
S CV is i-independent if [LNS| <3 for all L€ 2. Note that a (k— 1)-independent
set is simply an independent set.

The concept of i-independence has been studied in finite geometries, primarily
for i =2 where a 2-independent set is referred to as an arc or a cap (cf. [7]). It
has been considered for hypergraphs as well (c¢f. [6]) but to a lesser extent and is
a natural concept for designs. We establish the following bounds on the minimum
i-independence number of designs and partial designs.
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Corollary 1.4. Let t=2 or t=3, let 1 >2t—2, and k>1. There exists a constant c
such that if ¢ is a sufficiently large prime power and there exists a t— (g+t—2,k, \)
design then there exists a t— (n,k,)\) design § with n=gq®+t—2 such that

a;(F) < cn(i-—t-l—l)/i(ln n) 1/i

Corollary 1.5. Let i, t, k, and A be positive integer constants such that 2 <t <

i < k. There exists a constant ¢ such that for n sufficiently large, every partial
t—(n,k,\) design # has

ai(#) > i (i),

We delay the proof of Corollary 1.4 until after the proof of Theorem 1.1
since there is some dependence, but prove Corollary 1.5 immediately. Given a
partial t—(n,k, \) design 7, replace each block of # with a complete (i+1)-uniform
hypergraph on k points to form a partial t—(n,+1, )\(H’ffit)) design . Theorem 1.3
implies that

a(gl) > cln(i—t—}—l)/i(lnn)l/i
where ¢ is a constant depending only on i, ¢, k, and X. One only need notice that
a;(F)=a(¥) to see that the corollary is true.

As a final remark, by modifying the approach of [9], we can show that for 2<

t <t < k there exists a constant ¢ such that, for n sufficiently large, there exists a
partial £— (n,k,1) design # with

a;i(#) < en=HHD/i(1n p) 1/,

2. Proof of Theorem 1.3

In this section we wish to construct t — (n,k,\) designs with minimum inde-
pendence number where A, k, and ¢, are constant parameters and n is sufficiently
large. We show how to do this at least for those parameters where the designs exist
sufficiently often (t=2 or t=3; k=p+1, p a prime power). However, we will prove
our main lemmas for arbitrary ¢.

First, recall that there are an infinite number of values of ¢g=1 (mod k(k—1))
where q is a prime power. For these values of g, there exist affine planes (2—(q2, g,1)
designs) and, if q is sufficiently large, 2—(q,k, \) designs. The standard technique of
replacing each line in the affine plane independently with an arbitrary copy of the
2—(g,k, ) design produces a 2— (g2,k,)) design. These systems behave randomly
enough to establish a reasonable upper bound on the minimum independence
number.

In a similar manner, there exist inversive planes (3—(¢?+1,¢+1,1) designs) and
assuming that there exists a 3—(¢+1,%,)) design we can use the same technique
to produce random 3 — (¢%+1,k,)) designs.
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First, we need a lemma which establishes an upper bound on the number of
independent sets of size z in an arbitrary t—(g, &, A) design #. Let (¥, z) denote this
number. Throughout, we will work asymptotically and will require some standard
notation. For functions f and g of g, we write f=0(g) or f « g when q{n;o f/g=0.

ket
Lemma 2.1. For an arbitrary t—(q,k,)) system ¥ and 1€ 2« q ¥ , we have

q A 2k
o2 = (z> (1_ k(k—1)...(k—t+1)qk—t(1+o(1)>> |

Proof. The proof uses inclusion-exclusion to find upper and lower bounds on a(¥, z)

which are asymptotically equivalent. Let b= /\(g) / (’;) be the number of blocks in
£

First a lower bound. The number of z-sets containing at least one block is at
most b(g:llz) Therefore,

a2 (1) -2(*2}) = (%) (1 —bz—:<l+o<1>>)
= <Z> (1 - %%(1 + o(l))) .

To find an upper bound, let p; be the number of pairs of blocks of # which
intersect in exactly ¢ points, 0 < ¢ < k. Then the number of z-sets containing at
least two blocks is at most

k .
q—2k+i\
S Z;pi<z—2k+i>_<)1+° sz 2k
=
We will prove that each term of the right-hand sum (and hence the entire sum) is
asymptotically negligible compared to P / gt
For 0<i<t, it isn’t too hard to see that

pso(5)(120)0-0/(5 7 )2 = e o)

for some constant ¢;. This is the number of ways to pick the first edge multiplied
by the number of ways to pick the 7 points to be shared, the number of ways to
pick a t-set containing those 7 points, and the number of ways to pick another block
containing that t-set. It is then divided by the number of ways to pick the t-set
such that we obtain the same block and by 2 to compensate for the fact that we

counted each pair tw1ce Therefore, the ith term of (1) is asymptotically negligible
compared to z*/¢F~? as long as

Z2k—-zqz——2k+2t i <<qut k
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k-t k-1
This is true as long as z <« g*—% and, in particular, as long as z<q¢ F .

In the case where t+1<7<k, we see that

p; < b<k> 22 = ¢;qt(1 + o(1))

for some constant ¢;. Thus, the i1 term of (1) is asymptotically negligible compared
to 2/~ as long as

z2k—iqi—2k+t & qut k

k=t
This is true as long as z< g and therefore as long as zK g% .
The promised upper bound on a(#,z) is then

alf,2) < (Z) —b(z:;z) +4_Vk:p(3:2212>

- @ (1 ki) - t(l-l—o(l)))

k—1
as long as 1«2« ¢ * . This proves the lemma. |

The next two lemmas are generalizations of results in [4] (related statements
were considered in [3] and [5]).

Lemma 2.2. For a complex number p and a v X b 0-1 matrix A with constant
row sum r such that any two rows have exactly s ones in common, the rows of the
complex matrix

B=(u+1)A-J
will be orthogonal if and only if

r—s++Vr?—sb

S

IL:

Proof. For any two rows b; and b, (b;,b;)=u?s—2u(r—s)+(b—2r+s) and this is
zero if and only if y is a root of the quadratic equation. [ |

Note that p is real as long as r2 > sb which is true in all of the cases we will
be concerned with.

Lemma 2.8. Foravxb 0-1 matrix 4 Wzt}z constant row sum r such that any two
rows have exactly s ones in common (%> sb) and for any av x 8b submatrix of A
with rows indexed by R and columns indexed by C, if we let

X = (—Z—Z)E(uzr—f—b—r)%
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then

—-i—(o:v— ZCL_ (ow+.ft’)

ptl LeC’

where ¢y, is the number of ones in column L of the submatrix and i Is as in the
previous lemma. In particular, if ' =o(av) then

B 2 en = 1+ o)

LeC

Proof. Let B=(u+1)A—J and p be as in the previous lemma so that the rows of
B are orthogonal. Consider the submatrix of B whose rows are indexed by R and

whose columns are indexed by C. Let s1,s9,...,840, be the rows of the submatrix
of B and let by,ba,...,byy be the corresponding rows of B.
Let -
. av
£=(61,6, .. ém) =D _si
i=1

First, the Cauchy-Swartz inequality gives that
2

L8 8b )
FAP D
=1 j=t

And then this is

Bb
dog =P =
j=1

But the rows of B are orthogonal so this is

ST (b3, bi) = S IIbill? = ov(u?r +b— 7).
4,5

i=1

2

:Z bi, bs) .
,J

For a column LeC, let ¢;, be the number of ones in column L of the submatrix
and for a row P € R, let rp be the number of ones in row P of the submatrix. Note

that )y ocr=> perTp. Since,

Z@ (w+1) D ez ~ avfib,

LeC

we have that

2
Zil_b ((M+ 1) Z cr, ~ aﬁvb) < ow(,uzr—(—b-—r)'

LeC
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Letting
1
+= (Z_Z)z (ur +b—1)7
we conclude that
1
———(av — z cp, < (av + ).
ptl | fet
In particular, if ' =o(av) then
av
1)).
51 2 e = 2L o) '

LeC
We note that a similar statement could be made concerning
T
| R| Z P
PecR

We consider two examples which are the basis of our main theorem.
Example 1 Let A be the point-line incidence matrix of the affine plane of order ¢
so that v=g¢2, b=¢%+¢q, r=q+1, and s=1. Then p=g++/g+1 and

1
X = (ﬁ'f> 31+ o(1)).
B
Assuming af8g>>1 (that is, «fg— oo as ¢— 00), this implies that X =o(ag?). Thus
we have,
TS o= ag?(1+0(1))
|C] g+1++q+1

= ag(1l + o(1)).

In this context, ¢y, the number of ones in column L of the submatrix, is [RNL|.
Example 2 Let A be the pomt -line 1nc1dence matrix of an inversive plane of order
g so that v=¢?+1, b=g(¢*+1), r=g¢%+¢, and s—q+1 Then

t= (%)w 21+ o(1)),

Thus, assuming that af8g>>1, we have X =o(ag?) =o(av). Again we have

|C| ZCL—-aq 1+0(1))

LeC

and

and again ¢;, =|RNL|.
We summarize these examples and Lemma 2.3 in the following corollary.
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Corollary 2.4. Let (V,£) be an afline or inversive plane of order g, let RCV, let
CCY, let a=|R|/|V|, and let B=|C|/|£|. If a3q>>1 then

1
T Z cg, = aq(l+o(1))

LeC
where ¢y =|RNL|.

Now we are ready to complete the proof of Theorem 1.1. Recall that A, k, and
t are constants with t=2 or t=3 and k>2t—1. We are given a t— (g+£—2,k,)
design #; and wish to show that there exists a t— (¢ +¢—2,k,)\) design with low
independence number.

Let (V,£2) be an affine plane of order ¢ and let (V,£3) be an inversive plane
of order ¢. Then |£;|=q’+q for t=2,3. Replace each line L €£; by a copy of #;.

In this way we obtain at least
q! g'+q
(!Aut «?tl)

different ¢ — (n,k,)\) systems (where n=¢? or ¢ +1). Let the random variable J;
be a A= (n,k,t) design which takes on each of these systems with equal likelihcod.
We will show that the probability that

kot a1
a(ft) > cn® 1 (Inn)F-1

(where c is a constant to be determined later) is strictly less than one. This will
prove the theorem.
Set
~ izl 1
a=cn FI{lnn)k-1
and consider a fixed set RCV, with
ket 1
[R| =an =cn®T(lnn)*T.
Fix € >0 (say e=1/2) and let C and Cy be the subsets of lines L €%, such that
cr, =|RNL|>{1+¢)ag and cf, < (1 —¢)ag, respectively. We will show that |C1] <

121! and that |Cp| < %|§£t|. Indeed, if |C1|> %|$t{ then we can apply Corollary 2.4
to arrive at a contradiction. As 8>1/4, we have

c _i=1 L
afq > i (Inn)F-1y/n>1
as long as k> 2t —1. (This last condition on k¥ means that our proof misses the

important class of designs with =3 and k=4.) Corollary 2.4 therefore gives that

1
el D cp = ag(l+o(1)).
i LeCy

When ¢ is sufficiently large, this contradicts the fact that ¢, > (1+¢)ag for each
LeCy. Hence |C1|< %|£4|. In a similar way one can show that |Co| < 314l
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Set C=4£;\(C1UC3). Then for LeC,
(1-e)ag<cp <(1+¢)ayg.

Since
3 _i=l 1 3 k-2t 1
(1+e)ag < zen  1(lnn)*-T/n < Fon z—2 (lnn)*-T
3 1 k=2t41 k—t
< §c(lnn) E=1g k-1 K q K

we can apply Lemma 2.1 and the fact that ¢;, ={RNL|>{1—¢g)ag=cq/2 to obtain

Pr[RN L is independent in ¢;] = Pr[RN L is independent in the copy of #; on L]
_ oFi,cr)

(@)
<1 A 14001
S i p ey P A Gl O)

A
< (1 - T aFet(1 + o(l))) .

Since the events “RNML is independent in ;" for L €£; are mutually indepen-
dent, we infer that

Pr[R is independent in ;] = H Pr[RN L is independent in 4]
Ledt,

< H Pr[RN L is independent in 4]
LeC

qt

1

< (1 - k(:)\2kakqt(1 +o(1))>

k(t—1) k
< exp (——1- A Poat (lnn)mnt(1+o(1))>

—exp 12

g kot &
" n*® 1 (Inn)* 1 (1+0(1)) | .
But there are

n k—t k_
(an) < n®" = exp{anlnn) = exp(cn®1 (Inn)%-1)

choices of the set RCV, |R|=an and thus,

Prla(S:) > an] < ZPI‘[R is independent in $4]
R
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n 1A ket ke
< exp | —= c"nk-1(lnn)*-1{1+ o1
(o) p( S e W (o >>>

< exp <<c - %k(:)\ﬂf ck> niot (In n)% 1+ o(l))) )

This is less than one for n sufficiently large provided that
1
4k \FT
> 2 ——= .
’ ( ) )

For example, when t=2 and k>3, ¢c=10 will suffice for all £ and A. This completes
the proof of Theorem 1.1 and Corollary 1.2.

It only remains to prove Corollary 1.4. We wish to prove that for t=2 or t=3
and k>1i>2t—2, there exists a constant ¢ such that if ¢ is a sufficiently large prime
power and there exists a t — (¢+1t—2,k,)) design then there exists a t— (n,k,A)
design # with n=g¢?+t—2 such that

ai($) < enl=HD/i(In )Y/,

Given a t—(g+t—2,k,)) design X, replace each block of X with a complete

(i+1)-uniform hypergraph on k points to form a t—(q+t—2,i+1,)\(il_c__ﬁl)) design

X'. Apply Theorem 1.1 to X' to obtain a t—(n,i+ l,)\(if;_:l)) design ¥ with n=
q?>+1t—2 such that

a(#) < enl=HD/i(1nn) /e,
Since, in the proof of Theorem 1.1, we constructed # from copies of X/, we can

replace each copy of X' in # with a copy of X to form a t—(n, k,A) design #. Lastly
note that o;(F)=a(¥#), which is bounded above as desired.
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